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Mathematical Induction (selected questions)

Let P(n) be the proposition : 1+24+-+n= %n(n +1)
For P(1), LHS=1= % x1x (1+1)-RHS., ~P(1) is true.
Assume P(k) is true for some natural number k, thatis, 1+2+--+k= %k(k +1)......... (1

ForP(k+1), 1+2+--+k+(k+1) =§k(k+ 1) + (k+ 1), by (1)
=~ (k+ 1)[k+2]
=~ (k+ D[(k+1) +1]
P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for all natural numbers n.

Let P(n) be the proposition : 124224+ +n?= %n(n +1)(2n+1)
For P(I),  LHS=12=1=Ix1x(Q2+1)@x1+D-RHS. .. P(1)istrue,
Assume P(k) is true for some ke N, thatis, 12 +22+..-+k? = %k(k +1)@2k+1)......... (1)

ForP(k+1), 12422+ +k? + (k+1)? = ck(k+ 1)(2k+ 1) + (k+1)%, by (1)
= = (k+ D[k(2k+ 1) + 6(k + 1)]
=2 (k+ 1)[2k? + 7 k+ 6]
=2 (k+1)(k+2) 2k +3)
= 2 (k+ D[(k+ 1) + 1][2(k + 1) +1]
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

Lag2n _2n

Let P(n) be the proposition : “x™ —y™ is divisible by x + y for any integers X, y and positive integer n.”

or “x2"—y2" = (x+y)g,(x,y), where g,(x,y) isa polynomial inx ,y andx, y € Z, neN.
For P(1), X2 —y?=x+y)Ex-y) = x+y)g &y, - P(1) is true.
Assume P(k) is true for some ke N, that is,
2k

x?K — y2K = (x + y)gr(x,y), where gi(x,y) € Z[x,y]

For P(k+ 1), X2(k+1) _ y2(k+1) — [Xk+1 _ yk+1][xk+1 + yk+1]
= (x + Y)gex y)[xKH + yk+1]
= (X +Y)8k+1(X,y), where g1 (x,y) = gi(x,y)[x** + y¥*1] e Z[x,y]
P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

2
Let P(n) be the proposition : 1¥3+234-+nd= %n(n + 1)]
2
For P(1), LHS=13=1= E x 1% (1+ 1)] —RHS. , . P(l)is true.

2
Assume P(k) is true for some ke N, thatis, 13 +23+--+k3 = Ek(k + 1)] ......... (1)



ForP(k+1), 13+23+-+Kk>+ (k+1)3= [k(k+1)]+(k+1)3 by (1)

=§(k+ 1)2[k? + 4(k + 1)]
:%(k+ 1)2[ k2 + 4 k + 4]
= 2 (k+ 1)2[k+ 1]2

= L+ DIk+ D+ 1)

P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

(e) Let P(n) be the proposition: 2X1+3x2+4x22+5x23+ -+ (n+1)2""1 =n2"
For P(1), 2x1=2=1x2!, .. P(1)is true.
Assume P(k) is true for some ke N, thatis, 2X1+3X2+4x224+5x23 + -+ (k+1)2k1 =k2k .. (1)
ForP(k+1), 2x1+4+3Xx2+4x22+45x2%++ (k+ 12K+ (k+2)2kK
=k2K+ (k+2)2% , by(1)
= [k+ (k+2)]2k = 2(k + 1)2K = (k + 1)2k*1 | 5 P(k+1)is true.
By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

.- 1 1 1 1 1 1
) LetP(n)bethepropoiltlorll. }_E+§_Z+“'_£—m+m+m+ +—
FOFP(l), 1_E:E:m , P(l) 18 true. L )
Assume P(k) is true for some ke N, thatis, 1 ———I————+ ~ T +k——l—m+ +— (D)
1 1 1 1 1 1 1 1 1
ForP(k+1),  1-g4i-ftm— o= o st ol Yo e - YD
=1 4+ Lyt -ty 1
k+2 = k+3 2k k+1 = 2k+1  2(k+1) T k+2 | k+3 2k 2k+1  2(k+1)
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.
(g) Let P(n) be the proposition : 2%" —1 = 15a, where ajeN.
For P(1), 2*—1=15=15a; ,where a; =1eN. .. P(1)is true.
Assume P(k) is true for some ke N, thatis, 2*€—1 =15a, ..(1) , where ayeN.
ForP(k+1), 2*&D_1=16x2%—1=16x (2% —1)+15=16 x (15a,) + 15 , by (1)
= 15(16ay + 1) = 15ay,, where ay,;€N.
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.
(h) Let P(n) be the proposition : The no. of diagonals in a convex n-sided polygon is f(n)=%n(n -3) (n=3).

For P(3), There is no diagonal in a triangle. f(3) = 0. - P(3)is true.
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Assume P(k) is true for some ke N \{1,2}, that is,

The no. of diagonals in a convex k-sided polygon is f(k)=%k(k -3) k>3) ... (1)
For P(k+1), Let Py, Py, ..., P, Pty Dbe the vertices in clockwise direction of the (k+1)-sided polygon.
By (1), The no. of diagonals in a convex k-sided polygon PP,....Py is f(k):%k(k -3)

There are additional (k—1) diagonals connected to the the point Py, namely, Py Ps, Py P, ..., Pi1Py.

The no. of diagonals in a convex (k+1)-sided polygon PP,....PPy; is

1 1 1 1
f(k) + (k—1)= 5k(k—3)+(k—1):E{k(k—3)+2(k—l)}:5{k2 —k—2}:5{(k+l)[(k+l)—3]}
=flk+1). S P(k+ 1) is true.

By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

Let P(n) be the proposition: m,n>2, aja;,...,a, by,by...,b,eR,
(a; +az+-+ay)(by +by + - +by) = jn;12?=1 ajbj = it Z]rg1 ajb;

FOI‘ P(Z), (al + az)(bl + b2 + b + bm) = (albl + azbl) + (albz + azbz) + b + (albm + azbm)
= Y% aby + X7 aby + -+ XL aby, = X2, XL agby
AISO, (al + az)(bl + b2 + b + bm) = (albl + albz + + albm) + (azbl + azbz + b + azbm)

= X2 a1b; + X2, a,b; = XL, XL ajb
P(2) is true.
Assume P(k) is true for some k € N\{1},
(ar+a;+ - +a)(by +by + - +by) =30, TE aby = X, W ahy ... (1)
ForP(k+1), (a;+ap+-+ag+ag)(by+by+--+by)
=(a; +a,’++a)(by+by+--+by) where a] =ay,...,ax_; = ag_1,a, = ag + Agyq
= X Yl ai'by = X [agby + aghy + - +ag_iby + (a + age)by] L by (1)
= 20, [ayby + asb; + - + agby + agy1by] = T, T agb
Also, (ag+ay+ - +ag+ag)(b; +by +--+by)
=(a; +a,’++a/)(by+by+--+by) where a] =ay,...,ax_; = ag_1,a, = ag + Agyq
= Z%(=1 2121 aj'by = 21121 a;b; + 21121 apb; + -+ 2121 ag-1bj + Zjn;1(ak + ag41)b;
= Z]n=11 ab; + 2121 azby+ -+ 2121 ag-1b; + Zj“=’1(akbj + ak+1bj)
= YjSia.bj + X2  apby + - + Xk a4 by + + X2 agby + X%, agiqby
= T¢I T ab;
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true ¥V n € N\{1}.

Let P(n) be the proposition : 3"2>n’ forn>20.
For P(20), 3207 =3 =3%)° =27° > 20° >20°. .. P(20)istrue.
Assume P(k) is true for some k € N, where k> 20, thatis, 3> (1)

ForP(k+1), 3®D2=332>3K’) ,by(l)
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=K+3k(k") > K+04kk*+04KK+04K K +04k'k+04K

> kK +0.420)k" + 0.4(20)°k” + 0.4(20)’k* + 0.4(20)*k + 0.4 (20)°, since k > 20.
> k> +5k*+ 10K’ + 10k* + 5k + 1
=(k+1) 5 P(k+1)is true.

By the Principle of Mathematical Induction, P(n) istrue VvV n € N, where n > 20.

Let P(n) be the proposition : 2">n* forn>5.

For P(5), 25=32>25=052 s P(5)is true.

Assume P(k) is true for some k € N, where k > 5, thatis 2K > k? ..(1)

ForP(k+1), 21 =2(2K)>2k? =k? + k? > k? + 5k = k? + 2k + 3k
>k?+2k+3(5)>k*+2k+1=(k+1)? s P(k+1)is true.

By the Principle of Mathematical Induction, P(n) istrue ¥V ne N, where n2>5.

Let P(m) be the proposition : m, n(n+1)(n+;!)"'(n+p_1) = m(m+1)((;n++12)?...(m+p)

1WR)B)..(p) _ 4 _ W()(3)...(p)(1+p) .
For P(1), = 1= B v TE— P(1) is true.
Assume P(k) is true for some k € N, that is lrjzl n(n+1)(n+sl)...(n+p—1) = k(kﬂ)((gi;'"(kw) - (D
For P(k+ 1)’ Zh;% n(n+1)(n+2)...(n+p-1) _ ZE:l n(n+1)(n+2)...(n+p-1) + (k+1)(k+2)...(k+1+p-1)

p! p! p!

_ k(k+1)(k+2)..(k+p) , (k+1)(k+2)..(k+p)
a (p+1)! p!

, by (1)

k+ (p+1)] = (k+1)(k+2)(..l.)(:'<:-);‘))[(k+1)+p] P(k + 1) is true.

_ (k+1)(k+2)...(k+p) [
- (p+1)!

By the Principle of Mathematical Induction, P(m) is true VvV m € N.

Let P(n) be the proposition : CI' = is always an integer, where 0 <r <n

n!
r!(n—r)!

For P(0), Cd =1, which is an integer.

Assume P(k) is true for some ke NU{0}, that is, CX = is always an integer. ...(1)

r!(n-r)!

ForP(k+1), CK*'=CKtl =1 areintegers.

For r> 1, Ck+1 = ck+ ¢k, is the sum of two integers by (1), and is an integer.
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true ¥ n € N U {0}.

Let P(n) be the proposition : 2 x 42°*1 + 33041 = 115 where a, €N
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For P(1), 2x43 + 3*=209=11%x19 =11a; .. P(1)is true.
Assume P(k) is true for some ke N, thatis, 2 x 42k*1 4 33k+1 =113, .. (1) , where ay €N
For P(k+1), 2 x42k+3 4 33k+4 = 39, 42k+1 | 97 x 33k+1
— 16(2 x 42k+1 4 33k+1) +11 x 33k+1
=16(11a,) + 11 x 331 by (1)
= 11(16ay + 3%%*1) = 11ay,; , where apy; = 163, + 3%t e N.
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) istrue Vv n € N.

Let P(n) be the proposition : ~ 42°*1 + 3%*2 =133 where a, EN .
For P(1), 43 + 33=91=13x7=13a; .. P(1)istrue.
Assume P(k) is true for some ke N, thatis, 42K*1 + 3%k+2 =133, ...(1) , where ax €N
For P(k+1), 42k*3 4 3K+3 = 16x 42k+1 4 3 x 3k+2
= 3(42+1 4 3k42) 4 13 x 42K+
= 3(13ay) + 13 x 42K*1 by (1)
= 13(3a, + 3%%*1) = 13ay,, , where apy; = 3a+ 3%t eN
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

Let P(n) be the proposition :ﬁ F— et % <1-— (We change the proposition and prove this first.)

n+2 2n+1
1 1 2 1 .
For P(1), 15537 1 ~ P(1) is true.
. . 1 1 1 1
Assume P(k) is true for some ke N, that is, ey + 2 + 4 =< 1- S D

1 1 1 1 1 1 1 1 1
For P(ktl), =ttt = (m+m+“'+ﬁ)+(—2k+1+2(k+1)—m) »by (1)

1 1 1 1 1 1
<1- el (2k+1 - 2(k+1)) =1- 2(k+1) 1- Pz S 1- 2k+3

P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) istrue V n € N.

b =<1 ——< 1
n+l = n+2 2n 2n+1
Let P(n) be the proposition : The number of pairs of non-negative integers (x, y) satisfying x+2y=n

is f(n):%(n+l)+%[l+(—l)"]

For P(1), xy)=(,0, f(l)=1 - P(1)1is true.
For P(2), xX,y)=(2,0) and (0, 1)aresolutions.  Also, f(2)=2 ..  P(2)is true.
Assume P(k) is true for some ke N, that is,

The number of pairs of non-negative integers (x, y) satisfying x+2y=k is
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(b)

1 1
fk)y=—(k+D)+—[l+-=D] (1)
2 4
For P(k +2),  Consider the equation x+2z=k ... (2)
1 1
The number of pairs of non-negative integers (x, z) satisfying (2) is  f(k) = E(k +1)+ " [1+(=D¥], by (1)

Put z=y-1, (2) becomes x+2(y—-1)=k or x+2y=k+2 ... 3)
Obviously (x,y) = (k + 2, 0) satisfies (3), but (x,z)=(x,y—1)=(k+2,- 1) does not satisfy (2).

.. The total number of pairs of non-negative integers (x, y) satisfying (3) is

1 1 1 1
141K = 1+—(k+D)+—=[l+ (D" ]==[(k +2) +1]+=[1+ (=D*?]=f(k +2)
2 4 2 4
P(k + 2) is true.
By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

Let P(n) be the proposition : (\/5 + l)zn+l - (\/5 - 1)2n+l =2"a_ ,where a,eZ.

For P(O),  (V3+1)-(V3-1)=2=2a,, where ao=1

For P(1),  (3+1) ~(3-1) =2BW3) +1]=20=2"a, . where a,-5.
Assume P(k—1) and P(k) aretrue for some ke N (k= 1), thatis,

W3+1f" = (V3-1)"" =2%a, ,, W3+1f" = (V3 -1)]"" =24, ¥
ForP(k+ 1),  (V3+1]" —(\3-1]*"
S Y VY | Ny S Ny A Sy g N Y TS

SS9 YN f N0 B N )

=2"%a, x4-8x2%a, , =2"(4a, —a, ,)=2""a,,,, where a =4a —a. e Z
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true ¥ n € N U {0}.

Let a=3++5 B=3—-+5 ,then a+p=6, ap = 4.
Let P(n) be the proposition : a® +B" = 2"a, ,where a, e Z.
ForP(1), a+B=6=2%; ,where a =3 ¢eN.
ForP(2), a?+B%=(a+B)?>—2ap=6%—2x%x4=28=2%, ,where a,=7cZ.
Assume P(k) and P(k + 1) are true, that is,
of 4+ Bk = 2Ka, oltl 4 pl+t = 2k+lg (%) , where ay,ag € Z

For P(k +2), af*2 + Bk+2 = (ak*1 4 K1) (a + B) — (aB) (o + BX) = (2% ay,4)(6) — (4)(2Kay)



=2K*2(3ay,, —ay) = 2X*2%a, ., ,  where ay, € Z.
P(k+2) is true.
By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

Let P(n) be the proposition : There are two collections of marbles of the same quantity, n. According to the rules of taking
marbles set by the question, the first player wins.
For P(1), The first player take 1 marble from one collection and the second player takes the last marble and wins.

P(1) is true.

Assume P(1), P(2), ..., P(k) are true. So if there are two collections of marbles of the same quantity less than or equal to k, the
second player wins.
For P(k+1),  There are two collections of marbles of the same quantity, k + 1.

If the first player takes away any number of marbles, say p,(1 < p < k+ 1) from one collection. The second player
takes away also p marbles from the other collection. So now we have two collections of marbles each of k + 1- a < k.
Thus by the inductive hypothesis, the second player wins. o P(k+1)is true.

By the Principle of Mathematical Induction, P(n) is true Vv n € N.

(a) Let P(n) be the proposition : (\/ m’ +1 —m)n =a, Vm’+1-b, , where a,,b,eZ meN.

n

ForP(1), vm*+1-m=avm®+1-b, ,where a;=1, b =m.

2
For P(2), (\/m2 +1 —m) =2m? +1-2mvVm?® +1 =a2\/m2 +1-b, ,wherea,=—2m, b,=—2m’+1).
P(1), P(2) are true.

Assume P(k) is true for some ke N, that is, (\/mz +1 —m)k =a,Vm’+1-b, ... (1)
For P(k + 1), (\/m2+1—m)k+1:(x/m2+1—m)k(\/m2+l—m)
=(ak\/m2 + —bk)(\/m2 +1 —m)z (—am-b, Wm’ + —[— (ak(m2 -+-1)+bkm)]=a]Hl m’+1-b,,

where  a,, =—(a,m+b,), b,,=—(a,m*+a, +bm) ... (2)
P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true Vv n € N.

(b) From (2), a,=—(a, m+b,,), b ,=—(a, m>+a, +b m) ... 3)

From (3)7 anz(mz + 1) - bn2 = (_ an—lm - bn—] )2 (m2 + l) - (an—ln’l2 + an—] + bn—lm)2

=b, —a,,(m*+)=—[a, ,(m*+1)=b, *|=(-1’[a, ,(m> +1)-b, ,*]=..
= (=)', (m> + D =b} = D) im> + D -m’]= = &)
From (3),



(i If n iseven, a,<0, b,<O0. a’(m’+1)-b > =(-1)"=-1

a (m*+)+1=b> (5)
(\/m2+l—m)n:an\/m2+ ~b,=-b, —a,Vm? +1=4/b,” —4/a,*(m* +1) =VN + -JN by (5).
(i) If n isodd, a,>0, b,>0. a’(m’+1)-b > =(-1)"=1
a (m*+)=b’+1 (6)

(\/m2+l—m)n:an\/m2+ —bn:\/an2(m2+1)—\/E:«/N+ -+/N ,NeN , by (6)

First, show by Math. Induction the proposition P(n):1+3+...+(2n71)=n2 VnelN ...(D)
Then, a;=1 =1 =1°

3=3+5 =8 =2’

a;=7+9+11 =27 =3

ay=m —n+1)+@-n+3)+...+[n°—n+Q2n-1)] =n’

1
The last term of a,=n’+n—1= Z(H(n; )j_l_

n 2
Adding up all equalities, > r3:1+3+5+...+[2(n(n2+1)j—1}:(@j :inz(n+1)2,by(1).

by=1(no. ofterm=1%), by=3+5+7+9 (no. of terms =2%, by=11+13+15+ ...+ 27 (no. of terms = 3°),

r=1

1

The last term of b, =2[1?+2*+ ..+ n’]-1= 2(gn(n+l)(2n+1)j—1 (2

1 2
By (1), Sy=b;+b,+...+b,= (gn(n+l)(2n+l)j ..(3)

1
By (2), Thelastterm of b, ;= E(n—l)(n)(2n—1)—1.

1 1 1

Hence by,= S,—S, = (gn(n+l)(2n+l)j —(g(n—l)(n)(Zn—l)) =5[2n5+n3]

1. n 1. 1
Hence S,= by +by+...+b,= g[zz ey rﬂ:g{zz r5+Zn2(n+l)2:| (d)

r=1 r=1 r=1

r=1

2 1 (1 2 1
Compare (3) and (4), we get r’=— 3(—n(n+1) 2n+1)j ——n’(n+1)’ |=—n’(n+1)>(2n* +2n-1)
Z 2 6 ( 4 ) 12

(Backward Mathematical Induction)

i (@ Im):If x;e[ab], i=1,2,...,n, then f(X])+"'+f(Xn)Snf(X1 +...+xnj
n

+
For I(2"), since it is given that f(x,)+f(x,)< 2f(xl—zxzj . I2Y s true.



Assume 1(2%) istrue.ie. f(x,)+...+f(x )gzkf(mj (D)
1 2k 2k

For 12",  f(x) .+ f(x,)+f(x,0 )+ +F(Xp0)

2k 41

SZkf(x]+...+xsz kf( Lt +X2k”j:2‘{f(xl+m+x2k}+f(x2k”+'"+X2k” H,by(l)

2k 2k 2k 2k

:2k|:f(X1 o X, j+ f(xzk“ ot X ﬂgzkz{f(l(xl +o X . Xy F oot X jﬂ by 1)
2k 2k 2 2k 2k

X; ot X, H X X .
:2"*{{ ] 2 241 2 H S 125Y) s true.
2k+1

(b) Assume I(n) istrue (n=2),

S1(x, 4.
ie. f(xl)+...+f(xn)Snf(u):nf(n (’“* X X D
n

n n-1 n-1
Put Xn:M,then
n-1
ot ot
f(X])+... + f(xn—l)+ f(xl Xo j Snf(xl anj
n-—1 n-1

. I(n— 1) is also true.

(¢ VneN, F(keNandreN) suchthat n=2"—r

By(a), I2% istrue = I2*-1) istrue =12*-2) istrue=..= 12"~ =I(n)

.o . . (X tX, X, —X, X, +X,
(ii) sinx; +sinx; = 2sin cos <2sinf ——= |, -T<X, —X,<T.
2 2 2

~ f(x) =sinx is convex on [0, ] . Last part follows from (i).

.. 1 1 1 1 1 1 1 1 1 1 1 1
LetP(n)betheproposﬁmn:(1—E—Z)+(§—g—g)+--~+(2n_1—m—a) :E(l—z+§—z+
For P(1), LHS.=1-3-2=2 | RHS. = %(1 —%) =2, P(1) is true

Assume P(k) is true for some ke N, that is,
1 1 1 1 1 1 1 1 1 1 1 1 1 1
(1=5-D)+G )+t w =it tam ) M

For P(k + 1), (1_1_1)+(1_1_l)+...+(;_;_i)+( R 1)

2k-1 4k-2 4k 2k+1 4k+2 4k+4

1 1 1
)+ (2k+1 T ak+2 _4k+4)
1 1 1 1 1 1
= (13-t G awn) X an]

TS .
2 2k+1 2 2k+2




12.

14.

1 1,1 1, 1 1, 1 1 :
_5(1_E+§_Z+2k—1_ﬁ+2k+1_2k+2)’ w Pt 1)is true.

By the Principle of Mathematical Induction, P(n) is true for all natural numbers n.

Let F,(2)=——(1- 2wl G A T (1-2)(-g)-1-q""2),
1-q 1-q"
Let P(n) be the proposition : 1+ Fu(z)—Fu(qz) = (1 —qz)(1 = q’2) ... (1 - q"2) .

For P(1), 14 F;(z)—F,(qz) =1 +1‘_1—q(1 —27) —1%1(1 —qz)=1-qz .. P(l) istrue.

Assume P(k) is true for some ke N, that is,

1+ F(z) —Fe(qz) = (1- q2)(1- ¢°2) ... (1 - g*2) ......... (1)
For P(k + 1),

But, Fy..(z) = Fr(z) + pre= (1 z)(1—-qz) .. (1 - qkz)

and Fy,,(qz) = Fx(qz) + e (1 qz)(1 — g?z) ... (1 - qk+1z)
1+ Fgi1(2) — Fry1(qz)

= 1+ F(z) — Fi(qz) + 2 k+1(1 2)(1-qz)..(1- q*z) = 2 k+1(1—qZ)(1—q z) ..(1- q**'z)
=(1-q2)(1-¢*2) .. (1- ¢*2) + k+1(1 2)(1-qz)...(1- qZ)—lqu(l 4z)(1 - ¢2) ... (1 - ¢**'z), by (1)

=(1-q2)(1- q%2) .. (1- q¥2) + = e (1 qz) ... (1 - qkz)[(l - qkz) - (1 - qk+1z)]

=(1-qz)(1- q%z).. (1- q*z) = q**"* (1 — q2z) ...(1 - q¥2)
=(1-qz)(1- q%z).. (1- g*z)(1 - g**'z)

P(k+ 1) is true.

By the Principle of Mathematical Induction, P(n) istrue ¥V n € N.

p4lom g lpan_an e @b

a a a ab ab
Assume that 1 +1+i1+' +(a+1)(b+1) (s+1) (a+1)(b+1)...(s+1)(k+1)

a ab abc...sk abc...sk
Adding the term (@+D)(+1)..(s+1)(k+1) to both sides, we get:
abc...skl

1+ l+ a+l 4ot (a+1)(b+1)..(s+1) | (a+1)(b+1)..(s+1)(k+1) _ (a+1)(b+1)..(s+1)(k+1) , (a+1)(b+1)..(s+1)(k+1)

a ab abc...sk abc...skl - abc...sk abc...skl

_ (a+1)(b+1)..(s+1)(k+1)(I1+1)
- abc...skl
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1 1 1 1 1
Let P(n) be the proposition : 1 + +..+ = + +ot—
(2n)’ —2n

2n+1 | 2°-2 "+l n+2 2n
1 1 1 1 .
For P(1), L.H.S.= + =—= =R.H.S. - P(1) s true.
2x1+1 2°=2 2 1+1
. . k 1 1 1 1 1
Assume P(k) is true for some ke N, that is, + +...+ = + +ot—
2k+1 |[2° -2 (2k)’ -2k | k+1 k+2 2k
k 1 1 1 1 1
+ +..+ —( + +...+—j:0 *)
2k+1 [2°-2 (2k)’ -2k k+1 k+2 2k
k+1 1 1 1 1 1 1 1
For P(k + 1), hl + +...+ —( + +.o..+—+ + )
2k+3 [2°-2 Rk+DP-2k+1) | k+2 k+3 2k 2k+1 2k+2
k+1 k 1 1 1 1
LS S —[— AL j by ()
2k+3 2k+1 [2(k+DP -2(k+1) k+1 2k+1 2k+2

_ kel ko 1 P B
2k+3 2k+1 2k+1)Qk+1)(2k+3) k+1 2k+1 2(k+1)

~ 1 N 1 B 1
k+1)(2k +3)  2(k+ D2k + D2k +3) 2(k+1)(2k+1)

_ Akt D+1-(2k+3)
2(k + 1)(2k + 1)(2k +3)

- P(k+1) is true.

By the Principle of Mathematical Induction, P(n) is true ¥V n € N.

Let P(n) be the proposition : a, =a+£(b—a)(1—i) 1 , b, :a+g(b—a)(1+ 1 j (2)
3 4" 3 2x4"
For P(1). alza+b:a+g(b—a)(l—l), bI:a‘+b=(a+b)/2+b:a+3b:a+g(b—a)(1+L)
3 4 2 2 3 2x4
- P(1) s true.

2 1 2 1
Assume P(k) is true for some ke N, i.e,, a, =a+ g(b - a)(l - Fj 3) , b=a+ g(b - a)(l + T ) 4)
X

For P(k + 1),

a,, = 8 by _ %[a +§(b - a)(l —4%) +a+ %(b - a)(l + 5 Xl4k H , by (3) and (4)

2
1 [ 1 1 2 1
=a+—(b-a)||1l-——|+]| 1+ =a+—(b—a) 1- .5
e O O e L (D I
a,, +b, 1] 2 1 2 1
b, =M:—a+—b—a(l— j+a+—b—a(1+ H ,by (5) and (4
! 2 2L 3( ) 4 3( ) 2 % 4 4 )
:a+l(b—a)(1— 1j+(1+ 2)}:a+%(b—a)(l+ ! j - P(k+ 1) is true.
3 L 4k+1 4k+1 3 2 x 4k+1

By the Principle of Mathematical Induction, P(n) is true Vv n € N.



.. 1
19. Let P(n) be the proposition : Po1 > Pn>k>qn>qu1 >0 wherepo>k>qq p,= E(prH +q,.)

2
For P(1), Note that py >k > 0,q, = ‘;— > 0.
0
1 1 k* _ K?
p1 =3 (Po + q0) <3 (Po + Po) = Po. 4 =57 > 50 = 9o
1 Po
=1 = k2 = kK
P1 =5 (Po +do) > y/Podo = VK =k, k>0, 9 =<y =Kk

2
Also, p1>k>0,q1=l;—>0
1

“Po>pP1>k>qp>qp >0 and P(1)is true.
Assume P(m) is true for some me N, i.e., Pm_1 > Pm > K > qm > qQm-1 >0 ...(1)

K? K?
> —=
Pm+1 Pm dm

1 1
ForP(m+1), pmyr = E(pm + Qm) < E(pm + pm) =Pm/ 9Qm+1 =

1 kZ kZ
pm+1=§(pm+Qm)>\/pmqm=Vk =k k>0, Qm+1=m<?=k
kZ
A1S07 pm+1 > k > 01 qm+1 =—> 0
Pm+1

2. P(m + 1) is true.

By the Principle of Mathematical Induction, P(n) is true Vv n € N.

X(x+1)(x+2)...(x+n-1)
n!

20 (@A u,(x)=

Let S(p) be the statement : ~ Yb_ u,(x) = u,(x+1)—-1
1
ForS(1), Yl_ u,(x)=u;(x) = % =x, wyk+1)—-1= % —1=x
S(1) is true.

Assume S(k) is true for some ke N, i.e, ¥, u,(x) = u(x+1) =1 ...(1)
For S(k + 1), AT Un(0) = Tiog Un (0 + Wy (0 = we(x + 1) = 1+ w1 (%), by (1)
_ (x+1)(x+2)...(x+k) 1+ X(x+1)(x+2)...(x+k)

k! (k+1)!

+1)(x+2)...(x+k)
=(X(Xk+—1)!x[(k+ D+x]-1
_ (x+2)(x+3)..(x+k+1)(x+k+1) _
- (k+1)!

1

=U x+1) -1 o S(k+ 1) is true.
By the Principle of Mathematical Induction, S(p) istrue V p € N.

i (2) = OO ()

2

(b) Obviously, >0

n!

and

pnqn = kz °

12



21.

22,

Let P(n) be the proposition : u, (%) <

For P(1), LH.S.=u (%) =2 =1 RHS=2Lx05773502691896, .. P(1)

ﬂl

Assume P(k) is true for some ke N, i.e.,, uy G) < ﬁ (1)

BDE)@+2)-(+-1)(E+) _ Q@) @+2)(B+) (G

is true.

1 _\2 _
For P(k + l)a Uk+1 (E) - (k+1)! - k! X k+1
D4k
L (5)+ )_ 1 kil [\/2k+ \/2k+] o [YaKe+8k+3
2k+1 k+1  VZk+1 2(k+1) V2k+3 2k+2 \/2k+ 2k+2

<

1 VakZ+8k+4 1 2k+2 1 .
[ i +]= = [ +]— - P(k+ 1) is true.

Vakes | ez k+3 * l2k+2] T V2Kk+3
By the Principle of Mathematical Induction, P(n) is true ¥V n € N.
1

. 1
Since 0 < Up (5) < m ,

hence —1<up(%)—1<ﬁ—l

Now o @ pt == . 32-gua(-2) =y (1-2) -1 =g §) -1

< () <

=), D),

2
ELNTR 2! + p! ST
1-3:5-+(2p—3)
—1<-— [ +_+m+ -+ 2-4-6--(2p) ] < J2p+i
1-3-5-+(2p-3) 1

L> bt e > e
Let P(n) be the proposition : l, < Ja+1 and ¢ <l
ForP(1), ¢, =va<va+l and ¢ =va<va+va=r, . P(1) istrue.
Assume P(k) is true for some ke N, i.e, /, < Va +1 (1) and /,,</l, (2)
ForP(k+1), ¢, =+atl <Vat+va+l<vat2va+i=va+1

and Cen =Na+ b, >ya+l, =0,

- P(k+ 1) is true.
By the Principle of Mathematical Induction, P(n) is true ¥V n € N.

(a) Prove of 21 :—n(n +1)(2n+1) is omitted.
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23.

In+2mn-1)+3(n-2)++nl= Zn:i(n+1—i):(n+1)zn:i—zn:i2

ol i=1 i=1

~(n+12@*D —én(n+ 1)(2n + 1)=%n(n+ 1)(n+2) (D)
(b) Let P(n) be the proposition : 1+L+L £2«/_ ....(2)
NN RN
For P(1), LH.S.=1<2=RH.S. - P(1) s true.
Assume P(k) is true for some ke N, i.e., 1+L+L+...+L£2«/E cn(®)
NI Jk
For P(k + 1), 1+L+i+...+L <ok +—— , by (%)

R e

1 C2(k+D)-2Vk(k+1) -1
vkl —2vk 11+ 2k + g1 - 2D Z 2Rk
vk+1 Vk+1
k+1)-2vk(k+1) +k Vk+1-vk
ke KDk D vk, ( + 1K) >ovk+1 o P(k+ 1) is true.
Jk+1 vk+1
By the Principle of Mathematical Induction, P(n) is true Vv n € N.
By (1),
1 ln+2(n-1)+3n-2)+..+n.l )
S(m+Dm+2)= n+20 D32 F 0l o - D)D) =[] by AMSGM.
n

~onlk [én(n +1)(2n+ 1)}

n n

5

Let P(n) be the proposition :

By (2), 2621(1+%+L+...+Lj>(1x

1 n-1
G vargm Y Ema . Ve

1

For P(2), LHS=———= RHS., . P(2) is true.
Assume P(k) is true for some ke N\{1}, that is o4 L 1 _ _ k-1 (1)
s > Vai+/az \/5"'\/3—3 Nemg e - Vaitvag
For P(k + 1) A QIS S S by (1)
5 Vai+ya;  Vagtyag Va1 +Vak VAt ake1 | Vai+vak \/—Jr\/TJr1 Yy
_ _ &=D(a;—vay) + (Vak—y/ax+1) _ k-1(ar-vaw + (Var—yaxs1)
(VA HEOWAT VA (Vaich/aie) (VK—/ake) P— P—

, where d is the common difference.

— (k-1)(Va;—vag) + (ﬁ_\/ak+1)
—(k-1)d —d

where a; is an arithmetic sequence.
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= —~ (Va1 — Va0 — 3 (Vax — yar) = —5 (Va1 — a)

k

Vai+yakts

P(k + 1) is true.

k

a1 —ak+1

(Va1 ~ V) = ey (VA — Van)

By the Principle of Mathematical Induction, P(n) is true ¥V n € N\{1}.
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